A new approach to the Newman-Penrose formahsm 
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The Newman-Penrose formalism in transverse tetrads, namely those tetrads where ^'i = ^'3 = 0, 
is studied. In particular it is shown that the equations governing the dynamics within this formalism 
can be recast in a particularly compact way, leading to a better understanding of the formalism 
itself. The particular choice of tetrad allows not only to obtain the expression of Weyl scalars as 
simple functions of curvature invariants, but also the spin coefficients can be partly determined in 
an invariant way, by means of a new expression for the Bianchi identities that shows the various 
degrees of freedom in a more intuitive and direct way. We expect this approach to be very promising 
for a better understanding of all the equations governing the Newman-Penrose formalism. Such a 
new insight to the equations can also turn out to be useful for a generalization of the Newman- 
Penrose formalism to higher dimensions, thus allowing a better analysis of the various degrees of 
freedom, in view of extending to this case results already known in four dimensions. 
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I. INTRODUCTION 

The Newman-Penrose (NP) formalism is an invaluable 
tool in general relativity. It has been used in several 
aspects of analytical and computational relativity: for 
example it is the only approach that allows the determi- 
nation of a single equation describing the perturbations 
of a rotating black hole, through the Teukolsky equation 
Furthermore it is used for extracting gravitational 
waves from numerical simulation by calculating the quan- 
tity ^'4. In order to obtain a well defined expression, i.e. 
consistent with perturbation theory, for the scalar ^'4, it 
is necessary to choose the null tetrad requiring that it 
converges to the Kinnersley tetrad when the space- 
time approaches Petrov type D, i.e. the single black hole 
space-time, which is the end state of the scenarios nor- 
mally considered in numerical relativity. This tetrad has 
been dubbed quasi- Kinnersley tetrad. Refs 0, show 
that the quasi- Kinnersley tetrad belongs to a group of 
tetrads, the quasi Kinnersley frame, whose elements are 
connected to each other by spin/boost (type III) trans- 
formations. One possible quasi- Kinnersley frame was 
found to be one of the three transverse frames where 
vp^ = \I/3 = 0. 

The quasi- Kinnersley frame [3r:7\ has been shown to 
be of great importance for wave extraction. In fact, 
when computed in this particular frame, Weyl scalars 
are directly associated with the relevant physical degrees 
of freedom, thus giving a better characterization of the 
physical properties of the scenario being studied. In Ref. 
[8| we have shown that it is possible to give an explicit 
expression for the Weyl scalars in the quasi- Kinnersley 
frame once a preferred time-like observer is identified. 
However, these expressions are valid in the case where 
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the two scalars ^I^q and \E'4 coincide, corresponding to a 
specific choice of the spin/boost parameter identifying 
the type III rotation. Unfortunately, this choice is not 
good for wave extraction, as the coinciding Weyl scalars 
would show in this case an incorrect peeling fall-off at 
large distances from the source. In a follow up paper Q 
we have shown that by means of the Ricci and Bianchi 
identities, it is possible to improve this result and calcu- 
late the optimal spin/boost parameter that gives ^'o and 
^'4 with the correct peeling fall-off, by imposing the con- 
dition that the spin coefficient e goes to zero in the limit of 
the Kinnersley tetrad. This calculation however has been 
made assuming a Petrov type D space-time, therefore the 
final expression is dependent on background parameters 
of the single black hole and not expressed in terms of 
generally defined curvature invariants. In view of extend- 
ing this result to a general Petrov type I space-time, we 
show in this paper that this study can be carried further, 
characterizing all the fundamental quantities that are in- 
troduced in the Newman-Penrose formalism, and giving 
a precise meaning to some of the equations introduced 
in this formalism, namely the Bianchi identities, that be- 
come eliminant conditions to fix some of the relevant de- 
grees of freedom in the formalism. This is achieved by 
defining new vector quantities, from which spin coeffi- 
cients can be calculated easily, that are invariant under 
specific tetrad transformations and hence the possibility 
to express them in function of curvature invariants. The 
aim of this work is thus to present the Newman-Penrose 
formalism in a new way introducing only gauge invariant 
quantities and reformulating the relevant equations only 
in fimction of those; this paper can be thought as halfway 
through, giving the expression of the Bianchi identities 
within this new approach. In section |TT] we will intro- 
duce the general notation adopted by this paper while in 
section IIIII we will define this new set of gauge invariant 
vectors in function of which the Bianchi identities can be 
reformulated in a new compact form. 
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II. WEYL SCALARS, SPIN COEFFICIENTS 
AND BIANCHI IDENTITIES 



The relevant quantities in the NP formahsni are the 
Weyl scalars, defined as 



-Cabcdti n m n , 
-Cabcdn''m^n''fh'^, 



(la) 
(lb) 
(Ic) 
(Id) 
(le) 



and the connection coefficients (spin coefficients), given 

by 



about the space-time under study, hence one expects that 
a method that relates to principal null direction is better 
suited for extracting physical information. Recent works 
[13, [m have used the concept of principal null directions 
to extract relevant physical properties from numerically 
evolved space-times. 

The condition ^"1 = ^3 = leaves an indetermination 
in the choice of the spin/boost parameter. If we impose 
the additional condition that V&o = ^'4 we also fix this 
last parameter and the tetrad is completely fixed. The 
only remaining degrees of freedom are ^2 and ^'4, which 
can be written in this particular tetrad as ^2 = ^^^^+ 
and = — ■^\E'_, where 



vI/± = /2 ( e 3 e ± e 



(3) 
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2-^-71" (n^V.f^ + m^V.m^) , 
(n^V,^^ + TO^V,™^) , 



(2a) 
(2b) 
(2c) 
(2d) 
(2e) 
(2f) 

(2g) 
(2h) 
(2i) 

(2j) 
(2k) 

(21) 



where Cabcd is the Weyl tensor and ^ n^, m'^, m^] is the 
Newman-Penrose null tetrad. 

The relevant equations are the Ricci and Bianchi iden- 
tities written in terms of Weyl scalars and spin coef- 
ficients. The advantage of using the Newman-Penrose 
formalism relies upon the fact that the gauge freedom 
in such a formalism corresponds to the choice of tetrad, 
as opposed to general coordinate transformations. The 
gauge group, then, is the Lorentz group, on which we 
have deeper theoretical knowledge. In Refs. |3l, iJ] it has 
been shown that given an algebraically general space- 
time (Petrov type I) it is always possible to choose a 
tetrad where the two Weyl scalars ^1 and ^'3 vanish. 
This tetrad is not unique, and we have a clear knowledge 
of the properties of such tetrads. In particular, we know 
that one of these tetrads converges naturally to the Kin- 
nersley tetrad in the limit of Petrov type D space-time 
(which is not surprising, as the Kinnersley tetrad also 
has ^1 — ^'3 = 0). This can also be explained with 
the fact that the null vectors constituting the transverse 
tetrads happen to be "in the middle" of the two couples 
of principal null directions that eventually coincide in the 
limit of Petrov type D (for a more rigorous explanation of 
this statement see Q). It is well known that the princi- 
pal null directions can give specific physical information 



In Eq. @ e = P: 



J+Jj2-(//3)^ 



and 



/ and J are the two curvature invariants; k is an integer 
number that spans the interval [0,1,2] and identifies the 
three different transverse frames. 

It is not surprising that in this tetrad 5*2 and \E'4 are 
functions of curvature invariants only: having fixed all 
the gauge degrees of freedom, we are left with the four 
degrees of freedom given by the curvature invariants, 
hence any non-vanishing Weyl scalar must be a function 
of those. 

For our study however we want to leave the spin/boost 
parameter not fixed. This is because, as already men- 
tioned, the choice ^0 = ^4 is obviously wrong for the 
point of view of wave extraction, as the two scalars would 
not have the correct fall-oflF dictated by the peeling the- 
orem. This means that ^Pq and 5*4 can be, in gen- 
eral, different. By defining the spin-boost parameter as 



B 



the three non vanishing Weyl scalars can be 



written as 



^0 



*2 = - 



1 



2V3 

2 



(4a) 
(4b) 

(4c) 



The curvature invariants / and J can be expressed, in 
terms of the scalars, as 



/ = i (*i - 



J 



24^3 



(5a) 
(5b) 



In this paper we will study how such a choice of tetrad 
fixes the values of the other relevant variables in the 
Newman-Penrose formalism, namely the spin coefficients. 
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In order to do so, we write first the Bianchi identities in 
terms of the non- vanishing scalars, thus obtaining 



= -A*_+3/9«'+, (6a) 

= A1'+ - (4^-p)*_, (6b) 

A*+ = (T*_ - 3/i*+, (6c) 

A*- = -5-1'+ + (47-^)^'_, (6d) 

5^'+ = -i>1'_ + 3r^'+, (6e) 

= i>1'+ - (6f) 

5**+ = - 37r«'+, (6g) 

(5**_ = -/;i'+ + (4(5-7r)*_, (6h) 



where we have introduced the rescaled spin coefficients 
A = iV^A6-2, a = iViaB^, D = i^/Si^B-^, k = i^/iKB^, 
e = e + \D\nB, 7 = 7+ iAlnS, ji = (5 + \5\nB, 
a = a + i(5*lnS. 



III. AN INVARIANT FORMULATION OF THE 
BIANCHI IDENTITIES 



We define the following three vectors 



Our aim is to find quantities that can be related to 
curvature invariants and/or functions of them. As such 
invariants do not depend on any of the tetrad transfor- 
mations, it is necessary to find quantities that show this 
same feature. The two transformations that rotate the 
and rt^ have already been taken care of, by choosing to 
be in a transverse frame. The spin/boost transformation 
has been taken care of in the definition of the T vectors 
in Eq. ^ where it is evident that such vectors are invari- 
ants under this third type of transformations. However, 
we still have to consider a fourth type of tetrad trans- 
formation, namely the exchange operation and 
to'^ O to'^. Such a transformation acts on these vectors 
in the following way 

T; O -T^, (9a) 
T+ o T-. (9b) 

The fact that these three vectors are not invariant un- 
der exchange transformation is obviously an obstacle to 
expressing them as functions of curvature invariants. The 
problem is therefore defining alternative quantities that 
are instead invariant under exchange transformations. In 
order to do so, we introduce the following set of self-dual 
two-forms: 



= n'^V^f^ + m^V^m^-f V^ lnS, (7a) 
T+ = (7b) 
T- = B-^ ■ n'^V^fh,- (7c) 

which show the property of being invariant under 
a spin/boost transformation, making them promising 
quantities to be related to curvature invariants. How- 
ever, as we will show later, this is not enough for such 
a goal. The reduced spin coefficients can be written in 
terms of these vectors as 



p = 


-B-^m^^T+, 


(8a) 


A = 


iViB-^m>'T- , 


(8b) 


e = 




(8c) 


P- = 


Bm'^T-, 


(8d) 


a = 


-iV3Bm''T+, 


(8e) 


1 = 


2 ^ 


(8f) 


T = 


-B-'n^^T^, 


(8g) 


V = 


iVSB-^n'^T-, 


(8h) 


P = 




(8i) 


TT — 




(8j) 


k = 


-iV3B£''T+, 


(8k) 


a = 


2 ^ 


(81) 



^tiiy = 2^[^n^] - 2m[^m^], (10) 
= 2B-£[^m,], (11) 
E;, - 2B-' ■ n^^fh,]. (12) 

These two-forms are called self-dual because they are 
invariant under the operation of hodge dual transfor- 
mation. By definition, they are also invariant under 
spin-boost transformations, while an exchange operation 
O and o ffi^ acts on them in the following 
way 

Spi/ o — S^i/, (13a) 

^ (13b) 

i.e., with similar transformation properties as those of 
the T vectors. We can therefore construct quantities that 
show invariance under exchange operations, as follows 

B, - s+''T+ + s;''r-, (14b) 

= E/r,. (14c) 

Given the properties of transformations under 
spin/boost and exchange operations of the S and T vari- 
ables, these three vectors are invariant under both trans- 
formations. We expect these vectors to be good candi- 
dates for relations involving only curvature invariants, as 
indeed we will show to be the case. 
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The reduced spin coefBcients can be easily expressed 
in terms of these newly introduced vectors 



1 

2' 



(15a) 
(15b) 

(15c) 
(15d) 
(15e) 

(15f) 



i.e. they become simple contractions of the three vectors 
A^^, and along the four null vectors. It is inter- 
esting to see that in this case for example the four spin 
coefficients X, a, v and k are all directional derivatives of 
the same vector B^, and we will see that this is an im- 
portant property to derive the Goldberg-Sachs theorem 
in a simplified way. 

We will now turn to the Bianchi identities, which, us- 
ing the definitions of the three vectors given in Eq. 
and Eq. can be expressed in a compact way as the 
following system of two equations 



A„ 



B,. 



1 



1 

+ 3*1 



V3*+ J-^ - i-^-G^) , (16, 



V3*+g^ - i-^-F^ , (16b) 



Such a limit is consistent with the well known expressions 
of the four spin coefficients p, /i, r and tt in Kerr space- 
time, which are given in Boyer-Lindquist coordinates by 



1 



P = 



fi = p2p*r/2. 



(19a) 



r ~ la cos b 

T = —iapp* sin 9/ V2, ir ^ iap'^ sin 0/ V^, (19b) 

where T = — 2M r + and M and a are the mass 
and angular momentum per unit mass of the black hole, 
respectively. 

Eq. suggests that the Bianchi identities can be 
used as eliminant conditions to determine, once the cur- 
vature invariants are given, and therefore *+ and *_ 
are given, the fields and i?^, provided the field 
is given too. However, one of the three fields seems to 
be undetermined, contrasting with the fact that we have 
fixed all the gauge degrees of freedom. We would in fact 
expect all these quantities to be functions of the curva- 
ture invariants, or derivatives of them, or of some other 
invariant contractions of the Weyl tensor, given that we 
have fixed the tetrad completely. Nonetheless this ap- 
parent lack of information can be explained with the fact 
that we still have a limited vision of the whole formal- 
ism, since the Ricci identities have not been analyzed in 
a way that is consistent with this new approach. We ex- 
pect these identities to give the missing information and 
the result will be presented in a follow-up paper. 



where 



Fa 



(17a) 
(17b) 



The eight Bianchi identities given in Eq. ([5]) can be 
derived by simply contracting these two equations along 
the four null vectors constituting the Newman-Penrose 
tetrad. 

Eq. (jl6l) is a very interesting way of rewriting the 
Bianchi identities. Some known results follow very nicely 
from this approach to the NP formalism. For example, 
the Goldberg-Sachs theorem can be seen as a straight- 
forward consequence of Eq. (|16bp . Indeed, in the case of 
Petrov type D limit, one has that ^I^^ — > 0, and using 
Eq. (jl6bl) this implies simply that B^^ — > 0, and there- 
fore the four spin coefficients A, ct, v and h vanish in this 
limit, which is what the theorem states. 

The identity in Eq. (|16ap can also be studied in the 
Petrov type D limit, giving that the field A'' tends to the 
value 



-V^ln*+. 



(18) 



IV. CONCLUSIONS 

We have shown that in transverse tetrads it is possi- 
ble to write the curvature degrees of freedom as simple 
functions of curvature invariants and, moreover, by in- 
troducing three new vector fields, it is possible to rewrite 
the Bianchi identities in the Newman-Penrose formalism 
as a simple set of two equations, relating these three vec- 
tor fields to the curvature invariants. In fact, in this new 
picture the Bianchi identities can be thought as simple 
eliminant relations that give two of the newly introduced 
vector fields as functions of curvature invariants and of a 
third, seemingly undetermined, field. We expect to com- 
plete the information by analyzing the Ricci identities 
within this new approach, which will be the subject of 
the next paper on the topic. 

We expect this approach to be very promising for a 
better understanding of the NP formalism, reducing con- 
siderably the complexity of the equations, also in view of 
a possible extension of these concepts to higher dimen- 
sions (l^ - [T6j , where a lot of work is being done in order to 
generalize the Teukolsky perturbative approach [l3, [3 ; 
and numerical simulations [l9l - [2^ are starting to explore 
such dynamical scenarios. 
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